Abstract-This study develops the scalar wave equations of auxiliary vector potentials for time harmonic electric and magnetic fields on transverse electric, transverse magnetic and transverse electromagnetic modes in an biaxial anisotropic medium. The concise scalar wave equations are achieved in both rectangular and cylindrical coordinates. Moreover, in an biaxial medium, it is identified that the decoupled TE, TM, and TEM modes can only exist under certain conditions for various modes respectively which clarify the suspect about the existence of these modes that was reported previously.
INTRODUCTION
The analysis of electromagnetic field for anisotropic object is an important issue. Work has been conducted on various areas [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . It is recognized that the widely used substrate material sapphire is anisotropic. The lithium niobate (LiNbO 3 ) is used in the design of integrated optics devices and has an uniaxial permittivity tensor. Therefore, analyses for devices based on these materials must account for the possibility of anisotropic material tensor.
For the electromagnetic boundary, the most widely known field configurations are those referred to as the transverse electric (TE), transverse magnetic (TM), and transverse electromagnetic (TEM) modes. Work on the electromagnetic fields of these modes for an biaxial anisotropic medium remains incomplete. Moreover, it was reported [3, 4] that the biaxial case does not allow the decomposition of field into TE and TM modes.
A different aspect was reached in this work. The TE, TM, and TEM modes do exist but only under especial conditions. The completed expressions for these modes will be given. The required condition for each mode to exist will be presented.
The auxiliary vector potentials are well known to be F and A, where
can be used to solve the electric and magnetic fields of the TE, TM, and TEM modes in an isotropic medium, and can be found in some electromagnetics books [15] . This study develops the scalar wave equations of A or F for TE, TM, and TEM modes transverse to various directions (TE x,y,z , TM x,y,z , and TEM x,y,z ) in both rectangular and cylindrical coordinates in an biaxial anisotropic medium. The electric and magnetic fields in an anisotropic medium with various geometries can then be obtained by solving the scalar wave equations with adequate boundary conditions. The derivation procedures are shown to be quite simple. Since the individual procedures for different modes are similar, this study only presents detailed procedures for the first derived TE y mode.
DERIVATION OF SCALAR WAVE EQUATIONS
The work is focused on the biaxial anisotropic medium, where the permittivity and permeability are
respectively. Therefore,
for rectangular coordinate, and
for cylindrical coordinate, where
Source free and time harmonic will be assumed in the following derivations.
(A) TE Modes
The rectangular coordinate is firstly considered and starts with the TE to the y direction (TE y mode). For TE y mode, let
From equation (1),
From equation (4) and Maxwell's equation
we can get,
In addition, from equation (1),
and by adding the following equation,
where φ m represents a magnetic scalar potential. We have
and
By equating the equations (16) and (17) on x and z components, we can have
By solving the above two equations, we can have
The equation (21) can be seen as a condition required for the TE y mode to exist. Finally, by equating the y components of equations of (16) and (17) and using equation (21), we can have the scalar wave equation for vector potential component F y ,
A concise scalar wave equation for F y is reached and can be used to solve the electromagnetic fields of TE y modes with adequate boundary conditions. From equations (10), (11), (13), (21), and (22), we can summarize the results for TE y mode:
For TE x and TE z modes, let F =â x F x (x, y, z) and F = a z F z (x, y, z) respectively. With the similar procedures as those of TE y mode from equations (10) to (22), we can obtain the results for TE x and TE z modes and those equations are put in the appendix for reference.
Next consider the cylindrical coordinate. For the TE to z direction (TE z mode), with the similar procedures as those of the rectangular coordinate, the results are summarized as following:
In the above equations of the TE z mode in the cylindrical coordinate, the relation of permittivity and permeability shows,
By using equations (8) and (9) in the scalar wave equation which comes from the fact that the ε r and ε φ are φ dependent. This extra term can be eliminated if ε r and ε φ are φ independent or ε x = ε y (uniaxial).
(B) TM Modes
With the similar roles of D, E, F , and φ m for the TE modes, the relations among B, H, A, and φ e can be used to derive the scalar wave equations of A x , A y , and A z for TM x , TM y , and TM z modes respectively in a biaxial anisotropic medium. By using equations (2), (5), Maxwell's equation
we can have the results for TM modes by similar procedures as from equations (10) to (22). In the rectangular coordinate for TM y mode:
The results for TM x and TM z modes are listed in appendix for reference.
For the cylindrical coordinate in TM z mode:
In The TEM modes can be solved by using either vector potential F or vector potential A. Firstly, consider the rectangular coordinate. Starting with the TEM y mode, where E y = H y = 0. By using the vector potential F to solve the TEM y mode, from equations (15), (20), and (21), we have,
then we can have scalar wave equation of F y ,
With a similar procedure, we can have the scalar wave equation of A y ,
In summary the electric and magnetic fields of TEM y mode are
The results for TEM x and TEM z modes are also in the appendix for reference.
In the cylindrical coordinate for TEM z mode:
SUMMARY
This investigation presents the method for solving the field configurations of TE, TM, and TEM modes for an biaxial anisotropic medium. The concise scalar wave equations of vector potential for various modes and directions are obtained in both rectangular and cylindrical coordinates. Compared to those scalar wave equations of the rectangular coordinate, for the cylindrical coordinate, the scalar wave equations of vector potentials F z and A z for both TE z and TM z modes display an extra term, from the φ dependent of permittivity and permeability respectively. Those extra terms can be eliminated in a uniaxial medium. By solving those scalar wave equations, the electric and magnetic fields of various modes can be obtained by adding adequate boundary conditions. The existence of TE, TM, and TEM modes is clarified. The relationship between permittivity and permeability is critical factor for the existence of desired modes.
